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CN| , Abstract. Let g be a simple Lie algebra, and let M\ be the Verma module over g with 

highest weight A. For a finite-dimensional g-module U we introduce a notion of a regular- 
izing operator, acting in U, which makes the meromorphic family of intertwining operators 
$ : Ma+ju — ► M\ ® U holomorphic, and conjugates the dynamical Weyl group operators 
A W (X) £ End(f7) to constant operators. We establish fundamental properties of regulariz- 
ing operators, including uniqueness, and prove the existence of a regularizing operator in 
the case g = sis. 
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1. Introduction 

Let q be a simple Lie algebra. Let M\ be the Verma module over g with highest weight A, 
q\ '. and 1a G M\ the highest weight vector. A fundamental object of the representation theory 
| of Q is a family of intertwining operators 

$a : M x+fl — ► M x ® U, ^ 1a ® w + lower order terms , 



O 
^— > 

S 



where U is a finite-dimensional g-module, and u G t/[/i]. In this paper we study singularities 



of $a as a function of A and u. 



The intertwining operator is completely determined by the image of the highest weight 
vector, which we denote by Sing(lA ®u). For any u G U[fj], the singular vector Sing(lA <8>tt) 
can be written in terms of the Shapovalov form on M\, and is unique for generic A. It is a 
rational function of A with possible poles if A belongs to at least one of the Kac-Kazhdan 
hyperplanes (a, A + p) = a). For those special values of A the operator $^ may fail to 
exist. 

One of the objectives of this paper is to regularize the family of operators that is, 
to construct a family of intertwining operators $^ : Ma +m — > M\ Cg> U, holomorphically 
depending on A and u, such that the correspondence u i— > $a ^ s s ^ injective. 

We also study the relation between the operators for different values of A and u. Recall 
that for a dominant integral weight v and any element w of the Weyl group W, the Verma 
module M v contains a sub module isomorphic to M w . u . We fix this identification and regard 
M w . v as a submodule of M v . 

If X+fj, is a dominant integral weight, then for any w G W the restriction of the operator ^ 
to the submodule M !1) .(a+ a1 ) takes values in the submodule M w .\ <g> [/. The relation between 
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this restriction and the operator <3>^. A is given by 

where A W (X) is a rational End(L r )-valued function of A. The operators A W (X), w E W, are 
called the dynamical Weyl group operators. 

The specialization of the dynamical Weyl group operators at A = —p produces constant 
operators w = A w (—p), and for a simple root reflection 6 If we have Sj = According 
to the classical results of Verma and Lusztig, the operators Sj form a representation of 
the Weyl group. The dynamical Weyl group operators may be regarded as meromorphic 
deformations of the operators w in the class of cocycles on the Weyl group, satisfying 

A W1W2 (X) = A Wl (u)2 ■ X)A W2 (X) . 

We introduce a notion of a regularizing operator N(X), acting in U and polynomially 
depending on A. By definition, we require that N(X) has the following properties. 

First, the modified intertwining operators $^ A ^" : M\ +II — > M\ <g> U are holomorphic in A 
for any u G U[pi\. 

Second, the conjugated dynamical Weyl group operators N(w ■ X)~ 1 A W (X)N(X) are con- 
stant operators. This implies, in particular, that the cocycle A W (X) is cohomologically equiv- 
alent to a constant function of A. 

Third, we impose a minimality condition on N(X) by requiring that det N(X) is equal to a 
certain explicitly specified polynomial. (The second property of N(X) implies the divisibility 
of det N(X) by this polynomial.) 

We prove that the regularizing operator N(X), if it exists, is uniquely determined up to the 
right multiplication by an operator, polynomially depending on A, invertible for all values of 
A, and symmetric with respect to the Weyl group action. If g = s[ 2 it is easy to check that 
the regularizing operator exists for any irreducible finite-dimensional g-module U ; in each 
weight subspace of U the operator N(X) acts as a scalar, determined by the determinant 
condition. In this paper we prove the existence property in the case q = SI3. We conjecture 
that a regularizing operator exists for any simple Lie algebra g and any finite-dimensional 
0-module U . 

Our construction of the regularizing operator N{X) relies on a certain realization of finite- 
dimensional s[ 3 -modules, based on a special case of the (fl( m , gl n ) duality. We identify weight 
subspaces U\p] of an s(3-module U with subspaces of singular vectors in tensor products 
V(!i,o) ® V(h,o) ® ^3,0) °f finite-dimensional 0l 2 " moc iules. In this realization the action of 
operators A W (X) is identified with the action of suitably renormalized standard rational R- 
matrices, the spectral parameters in the i?-matrices being determined by A. 

We use the functional realization Ti[l] of the tensor product Vn lt o)(2)Vn 2t o)(g)Vn 3t o-), provided 
by the representation theory of the Yangian Y(gl 2 ), to define operators J\f[\; z] : 7i[l] — > 
V(h,o) ® ^2,0) <H> V(i 3 ,o), which conjugate the renormalized i?-matrices to the identity. We 
then use results on the reducibility of the tensor product V(/ lj o)(^i) <E> V(i 2 ,o)( z 2) <8> V^.o)^) 
of the evaluation Y(q1 2 ) -modules, to prove that for any u £ Im jV[l; z] the operator $ A is 
holomorphic in A. 

The final step of the construction is an alternative 'constant' identification of the functional 
space 7i[l] smg with the subspace of singular vectors (V^o) <E> V(i 2 ,o) <S> V(i 3i0 )) smg , which is 
provided by a certain combinatorial lemma. The composition of the 'constant' identification 
with Af[l; z] gives the desired regularizing operator N(X) in our particular realization. 
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As an application of our results, we use the regularized family of intertwining operators to 
introduce an End(i7[0])-valued function \&(A, x) of A G i)*,x G f), defined as a certain matrix 
trace of This Baker- Akhiezer type function is holomorphic in A, and satisfies certain 
algebraic identites (resonance conditions), relating values of \I/(A, x) for different values of A. 
The fact that iV(A) conjugates the dynamical Weyl group operators A W (X) to the constant 
operators w implies that these identities have a simple form 

\1/(A, x)u = ^(s a • A, x)u , 

for suitable A, u. Special cases of such resonance conditions were used in ]ESJ to establish 
the algebraic integrability of the generalized quantum Calogero-Sutherland systems. 

This paper is organized as follows. In Section 2 we review facts on g-modules and set 
the notation. In Section 3 we recall the construction of intertwining operators $ : M\ +fl — > 
M\ Cg> U and singular vectors in the tensor product. 

In Section 4 we review facts about the Weyl group and the dynamical Weyl group. We 
introduce a distinguished action of W in U, and show that the dynamical Weyl group 
operators can be viewed as its deformation. We establish Theorems § and |5|, which improve 



results of [EV, TV|. 



In Section 5 we introduce the notion of a regularizing operator N(X), and use the ax- 
iomatic description to establish properties of regularizing operators. Theorem ^ gives the 
uniquiness of a regularizing operator. We formulate Theorem [10] on the existence of regular- 
izing operators for q = sl$. This is the main technical result of the paper. 

Section 6 provides the background necessary to construct regularizing operators for s^. 
We invoke the (flt m , jjLj-duality and functional spaces to give a realization of an s[ 3 -module 
U, and use the realization to construct the fundamental operator A/"[l; z], which is the main 
ingredient in the construction of N(X). 

Section 7 contains the construction of regularizing operators for 3(3 an d proofs of all 
their properties. The short Section 8 is devoted to resonance conditions for trace functions, 
renormalized by N(X). 

In Appendix A we review the calculus of formal monomials, which is used to prove the 
properties of the dynamical Weyl group operators. Appendix B is devoted to the represen- 
tation theory of the Yangian Y(gl 2 ). We use Yangian modules to establish properties of the 



operator Af[l; z]. Appendix C contains a proof of a technical combinatorial Lemma 19, which 
is used in the main construction. 



2. Notation 

Let q be a simple Lie algebra over C with a Cartan subalgebra f) and a root system A 
with a polarization A = A + U A~. We identify f) with ()* using the Killing form on g, and 
denote the induced invariant bilinear form on ()* by (-,•)• 

An element A G f)* is called dominant, if (a, A) > for any a G A + . We write A > \x for 
A, ii G f)*, if A — n is dominant. This is a partial order on f)*. 

An element A G f)* is called integral, if 2 frv G Z for any a G A + . 

Denote W the Weyl group of g. We introduce two actions of W in f)*. The standard 
action is defined by 

2(a,v) 

S a V = V : 

{a, a) 
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for any root reflection s a G W, and the "dot" action is defined by 

s a -v = s a {v + p) - p, 

where p=\ E aeA + «■ 

Let {ej, /ij, /j} denote the standard generators of the Lie algebra g, corresponding to a 
simple root ccj. We denote s^ctj) the Lie subalgebra of g, spanned by e^, hi, f{. 

We denote n + ,n~ the Lie subalgebras, generated respectively by {e^} and We have 
a vector space decomposition g = n + © [) © n . 

The root lattice Q is defined by Q = X^™^Za;j. We also set Q + = X^=i ^ ^>o a i- 

The universal enveloping algebra W (g) is a Q-graded associative algebra, with the grading 
defined by 

wt(ej) = a h wt(hi) = 0, wt(/j) = -a h i = 1, . . . , dim f). 

The Poincare-Birkhoff-Witt theorem gives us a decomposition 

W(fl) = W(n-)<g)W(J))<8>W(n + ), 

and we denote n : ZY(g) — > W(h) the induced projection along the subspace (n~W(g) + U(g)n + ) C 
W(fl). 

Introduce an anti-involution w of g by 

w(e,j) = f h zu(fi) = e h zxj(hi) = hi, i = 1, . . . , dim h. 

Define a bilinear ^/(h)-valued form S 1 on U(g), by 

= n Q (zn(x)y) G W(fj), x,y,eU{%). 

The form 5 is contravariant, i.e. satisfies 

S(xy,z) = S(y,w{x)z), x,y, z G W(g). 

We will identify the commutative algebra W(h) with the algebra C[f)*] of polynomial functions 
on [)*, and for any A G ()* we will denote Sa the C- valued contravariant form on U (g), obtained 
by evaluating S at A. 

We consider g-modules V with a weight space decomposition 

7=0%], = G \/ | /if = p(h)v for all /i G h}, 

with finite-dimensional weight subspaces V[p\. We say that v G V is homogeneous of weight 
and write wt(t>) = p, if t> G V[//]. Then for any homogeneous x G W(g), we have wt(xv) = 
wt(x) + wt(f ). 

In this paper U always denotes a finite-dimensional g-module. 

For any A G ()*, we denote M\ the Verma module for g, generated by the highest weight 
vector 1a, with relations 

n + l A = 0, hl x = \(h)l x , for/iGf). 

We identify any Verma module M\ with U(n~) by sending x G U(n~) to xIa G M\. 
The Verma module M A carries a bilinear g-contravariant form (-|-), defined by 

(xl x \yl x ) = S x (x, y), x,y eU(g,). 



HOW TO REGULARIZE SINGULAR VECTORS AND KILL THE DYNAMICAL WEYL GROUP 5 



This form is called the Shapovalov form. Different weight subspaces of M\ are orthogonal 
with respect to this form, and its restriction to a weight subspace MaI/*] is nondegenerate 
unless A belongs to a hyperplane of the form 

def 2(q,A + p) 

Xa,kW = — / \ k = 

{a, a) 

for some a G A + , k G Z>o- 

The Verma module M\ is reducible if and only if A belongs to at least one of those hyper- 
planes. The kernel of the Shapovalov form is the maximal proper sub module of M\. Let V\ 
denotes the irreducible quotient of the Verma module M\\ it inherits a contravariant form 
and a weight decomposition from M\; moreover, the contraviriant form on V\ is nondegen- 
erate. It is known that the module V\ is finite-dimensional if and only if A is a dominant 
integral weight. 



3. Singular vectors and intertwining operators 

A vector v in a 0-module V is called singular, if n + v = 0. The subspace of all singular 
vectors in V is denoted V sm& . For any A G ()*, we have an isomorphism 

Hom g (M A ,V0^ sins [A], 

constructed by associating with any intertwining operator $ G Hom g (MA, V) the image of 
the vector 1a . 

It is known |[BGG|| that a Verma module M\ contains a unique up to proportionality 
singular vector of weight v if and only if there exists a finite sequence of weights 

A(°)=A,A«,...,AW = z/, 

such that 

A« = Sft • A^ 1 ) = A^ 1 ) - nS, i = l,...,k, 
for some fa G A + ,nj G Z> . We write v -< A if this condition is satisfied. 

Theorem 1. [ FFM| Let A G \f , and let w E W be such that w ■ A -< A. Let w = . . . s it be 

the reduced decomposition ofw in terms of simple root reflections. Then the formal monomial 

F W (X) = f^ x) . . . f^ x \ 7fc (A) = K, (s k+1 . . . s t ) ■ A), 
makes sense, and F w (\)l\ is a singular vector of weight w ■ A in the Verma module M\. 

If A is a dominant integral weight, then w ■ A -< A for any w G W, and 7fc(A) G Z> for all 
k = 1, . . . , I. Therefore, F W (X) is a well-defined element in U(n~). The meaning of -F^(A) for 
other A G f)*, when we may have 7fe(A) ^ %> , is explained in Appendix A. 

Introduce notation v w .\ = F W (X)1\ for the singular vector, constructed in Theorem [I]. We 
identify the submodule of M\, generated by v w .\, with M w .\ by mapping l w .\ to v w .\. 

We now study singular vectors in tensor products M\ ® U, A G f)*. All tensor products in 
this paper are considered over the field C. 

Let {gi} be a homogeneous basis in W(n~), and let (S 1 ^ 1 )^. be the inverse to the matrix 

of the form S\, restricted to W(nr), with respect to this basis. The matrix elements (S^ 1 ) 
are rational functions of A G f)*, with possible simple poles at the hyperplanes x«,fc(A) = 0, 
for some a G A + and k G Z> . 
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Introduce the Cartan anti-automorphism u of the Lie algebra g by 

w(ei) = -fi, u){fi) = -e h u(hi) = hi, i = 1, . . . , dim t) . 
Consider a rational U(n~) (g> Endc(t/)-valued function of A G f)*, 

H(A) = X^A%^®^), (3-1) 

where we regard oo(gj) as operators acting in U. Note that the summation over i,j is finite, 
because (5^ ) = for sufficiently large i and ct>(<7j) acts as zero for sufficiently large j. One 
can check that S(A) does not depend on the choice of the basis {gj}. 

For any A G (}* and w G £7 such that S(A)(1 (g> w) G W(n _ ) g) £/" is well-defined, we denote 

Sing(l A <g> u) = H(A)(1 A <g> u) G M A ® £7. 

For generic A, the vector Sing(l A <8> u) is the unique singular vector of the form 

Sing(l A <g> u) = 1 A ® u + lower order terms , 

where the "lower order terms" is a linear combination of vectors v' ®u' with wt(V) < A, see 
]. The vector Sing(l A ® u) is a singular vector for any A, when it is well-defined. 



For any u G U[p] such that Sing(l A ® w) is well defined we introduce an intertwining 
operator $" G Hom (M A+M , M A <g> £7), uniquely determined by the condition 

$^1 A+At = Sing(l A ®w). 

4. Weyl group and dynamical Weyl group 

The Weyl group W, associated with $j, is generated by simple reflections {sj}, i = 
1, . . . , dim f), subject to the relations sf = id, and the braid relations 

SiSjSi ... SjS^Sj . . ., (4.1) 
riij factors riij factors 

for % ^ j, where = 2, 3, 4, 6 if = 0, 1, 2, 3 respectively. 

The length l(w) of any w G W is defined to be the smallest positive integer / such that w 
can be written as w = . . . s it for some i\, . . . , i\. For the identity element id G W we set 
l(id) = 0. 

Let £7 be a finite-dimensional g-module. For any % = 1, . . . , dim F), introduce an operator 
Sj G Endc(£7) by setting 

Sitfv = fr k v, fc = 0,l,...,n, (4.2) 

for any t> G £7 such that e^f = and /ijt> = nt> for some n G Z>o- One can think of operators 
Si as operators f i \ 

The following lemma is well-known; see [EV| and references therein. 

Lemma 2. There exists a linear representation w i— > u) o/ £/ie WeyZ group W in U, such 
that the generators Sj are mapped to the operators Si. 

Obviously, for any w G W we have 
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Note that if w G W and fj, G t)* are such that wfi = fi, then = Idj/^j. One can show that 
the equivalence class of the representation w i— > w of W is completely determined by these 
conditions. 

Remark. The operators w do not preserve the Shapovalov form on U ; one might try to 
modify the formula ([L2|) , and introduce operators §i by 

u 

~ s ^ v = 7 lA\fi~ kvi k = 0,l,...,n, (4.3) 

(n — kjl 

for any v G U such that e^v = and h(v = nv for some n G Z> . The new operators 
clearly preserve the Shapovalov form. 

Conjecture 3. There exists a representation of the Weyl group W in U , such that the 
generators S{ are mapped to the operators Sj. 

This conjecture can be verified in certain cases, including adjoint representations for ar- 
bitrary q; however, no general proof is available. 



We now study the dynamical Weyl group, introduced in [[TV] , |EV|| . The following Theo- 
rem |] and Theorem |5| are refinements of previous results. 

Let C[f)*], C(f)*) denote respectively the algebras of polynomial and rational functions on 
fj*. If V is a vector space and F G V (g> C[f)*], we denote F(X) G V the value of the V^-valued 
polynomial F at point A G ()*. 

Theorem 4. For any w G W there exists an operator A w G Endc(?/) <8> C(t)*), satisfying 
the following property. 

Suppose A, G f)* are snc/i t/iat w; • (A + -< A + and u G Z7[//] is such that Sing(l A ®u) 
is well-defined. Then A w (X)u is well-defined, and 

1. If w • A -< A, t/ien 

^"^■(a+m) = v w-\ ® A w (X)u + lower order terms . (4.4) 

2. // i/te condition w ■ A -< A /a«7s ; i/ien t4^(A)m = 0. 
This theorem is proved in Appendix A. 

The collection of operators A w G Endc(U) (g> C(fy*),w G W, is called the dynamical Weyl 
group. Equation ( [4.4| ) implies that 

^ = 0^, K e Hom c (£/[/i], ® C(ff). 

/' 

Example. Let C/ be a finite-dimensional s^-module, generated by a highest weight vector 
f of weight n G Z>o- Then the dynamical Weyl group consists of two operators: Aid = Id 
and A Sl , determined by 

A s , (X)f v = (-1) ^ — t 1 — ; ; —, ttJ v, k = 0, 1, . . . , n , 

lV JJ v ; t(t-l)...(t-k + l) (n-k)\ J ' ' ' ' 

(4.5) 

where £ = (A, oti). 

For arbitrary 0, the operators A Si (\) act in any irreducible slzfai) submodule of C/ by 
formula (Oh, with t = y^si. 

Theorem 5. TTie dynamical Weyl group operators A w , w G W 7 , acting in a finite-dimensional 
g-module U, have the following properties. 
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1. The dynamical Weyl group operators satisfy the cocycle condition, 

(A) = A m (w 2 ■ X)A m (X), wi,w 2 eW. (4.6) 

2. The operator A w , regarded as an Endc(C^) -valued rational function on f}* ; has at most 
simple poles, which may occur only at the hyperplanes 



X<*,k{X) = °> a G A + n iw(A~), k G Z 



>o- 



3. If we identify U\jjl] and U[wfi] in any way not depending on X, then for generic A G (}* 
we have 

TT°° -v , (in . \\diraU[ivn+ka] 

det K{X) = const ]J i -^f^Lu^ ] • 

where the constant depends on the choice of identification. 

Remark. The dynamical Weyl group operators A W (X) were introduced in [ TV|| , |EV 1, 
using a different normalization of the singular vectors: 

Vw\ = • • • ^VIa, n k = (oi (s fc+ i . . . s t ) ■ A). 
n\\ nil 



Equation (|4.4|) was observed in |[T V|| , ||EV|| only for X ^> jj,. Part 2 of Theorem |4] is new. 

In ||TV|| , [ |EV|| , the cocycle condition was satisfied only for wi, w 2 G W such that l(wiW 2 ) = 
l(wi) + l(w 2 ); equivalently, operators A W (X) formed a cocycle on the braid group. Our 
operators satisfy the additional conditions A Sa (s a ■ X)A Sa (X) = Id, and thus form a cocycle 
on the Weyl group. 

Proof of Theorem |5|. It follows directly from the construction (see also |[TV| , EV|1 ) that the 
cocycle condition ( |4.6|) is satisfied when w\, w 2 G W are such that l(wiw 2 ) = l(wi) + l{w 2 ). 
Therefore, it suffices to show that 

A Sj (si ■ X)A Si (X) = Id, i = l,...,dimf). 

This follows from the explicit formula ( [4.5| ) for the action of A S .(X) in any irreducible si 2 (ai)- 
submodule of U . 

Now, let w G W have a reduced decomposition w = . . . Si r Then the cocycle condition 
implies 

A w (X) = A Sn (s i2 ...s ir X)...A SH (X), 

and singularities of A W (X) are determined by the singularities of A Sik (si k+1 . . . s^ ■ X) for 
k = 1, . . . ,dimf). From the explicit formula (|4.5|) it follows that A s .^(si k+1 . . . Sj, - A) may 
only have simple poles at the hyperplanes Xa lk ,n(si k+l . . . s it ■ X) = 0, or equivalently 

Xp k ,n{ X ) = °> Pk = s h ... s ik+1 a ik . (4.7) 

It is known that if reduced expression, then {(3 k } form (without repeti- 

tions) the set A + R w(A~). Therefore, the hyperplanes ( ]4.7]j are all distinct, and the second 
assertion follows. 

Finally, from the cocycle property we obtain 

det A£(A) = det A Sii {s l2 . . . s it ■ X) . . . det A Sh (A) 
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and the proof of the general formula reduces to verification of the formula 

det^.(A)= const llfc =°J aiM ' , . m + . , ■ 
which follows from (14.51). □ 



The cocycle condition (|4.6| ) immediately implies that the operators A w (—p),w G W, form 
a representation of the Weyl group. One can easily check that in fact A w (—p) = w, where 
operators w are defined by ( |4.2| ). 

5. Regularizing operators and their properties 

In this section we define the main object of our study — regularizing operators for finite- 
dimensional representations of a semisimple Lie algebra g, and establish some of their prop- 
erties. 

Let g be a simple Lie algebra, and let U be a finite-dimensional g-module. An operator 
N G End<c(£-0 <E>C[fj*] is called a regularizing operator, if it satisfies the following conditions. 

1. The operator N preserves weight subspaces, i.e. it can be decomposed as 

N = iV N^e Endc(U[/i]) ® C[f)*]. 
n 

2. For any \x G f)*, there exists a nonzero constant c M such that 

oo 

detiV M (A) = Clt J] n^(A) dimC7[ ^ +H . (5.1) 

3. There exist operators a w G Endc(U), such that for any w G W and generic A G f}* we 
have 

a w = iV(w A)" 1 A ?i ,(A)iV(A). (5.2) 

4. The operator E N (X) : C7 — > U(xc) ® U, defined by 

E N (\)u = E(\)(l®N(\)u), ueU, 

depends polynomially on A. Here 5(A) is given by ( |3.1| ). 

Remark. The last condition is equivalent to the requirement that for any u G U, the 
singular vector Sing(l A ® N(X)u) G M A <g> U is polynomial in A. 

The following Lemma is convenient for establishing the formula ( |5.1| ). 

Lemma 6. Suppose N G Endc(£/) ® C[f)*] satisfies conditions (1) and (3) above, and is 
such that iV _1 is regular outside the hyperplanes Xa,k(X) = for all a G A + and k G Z>o. 
T/jen iV also satisfies condition (2). 



Proof. The formula ( |5.2j ) implies that for any w G W and generic A G f)*, we have 

detA^(A) detA^ M (A) = const det N WfM (w ■ A). (5.3) 

The right-hand side of this equation polynomially depends on A, and therefore in the left- 
hand side detA^(A) must be divisible by the denominator of detA^(A). In the special 
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case when w = Wq is the longest element of the Weyl group, this denominator is precisely 
lL G A+ YlT=oX*A X ) d[mU ^ +ka] - Therefore, we conclude that 

m = det%(\) 

is polynomial in A, and ( |5.3| ) implies that c M (A) = const c Wofl (wo ■ A). 

By the assumption of the Lemma, c^(A) may only vanish at hyperplanes Xa,k{X) — 0, 
and similarly c w (wo ■ A) may only vanish at hyperplanes Xa,k(wo ■ A) = 0. Since these two 
families of hyperplanes are disjoint, we conclude that c^(A) is a polynomial in A which never 
vanishes, i.e. a constant polynomial. The condition (2) follows. □ 

The argument above also shows that the condition (2) can be thought of as a minimality 
condition for N. 

Here are some other immediate corollaries of the definition. 

Proposition 7. Let U be a finite-dimensional Q-module, and let N be a regularizing opera- 
tor. 

1. The operators a w G Endc(C/) form a representation of the Weyl group. 

2. The inverse operator N' 1 , regarded as an Endc{U) -valued rational function on f)*, may 
have only simple poles. The poles may only occur at hyperplanes Xa,kW = f or a £ A + 
and k G Z>o such that U\jj, + ha] ^ 0. 

3. Let C G Endc(£/) be a weight-preserving operator, i.e. 

C = 0C M , C M G End(C/[//]). 

Then the operator N = NC is also a regularizing operator. 
Proof. For any Wi,W2 G W, we compute 

a WlW2 = A^(wiw 2 • A)~ 1 A ?i , lW2 (A)A^(A) = N(wiw 2 ■ X)~ l A Wl {w 2 ■ \)A W2 {\)N{\) = 
(N( Wl w 2 ■ X)- 1 A m (w 2 ■ X)N(w 2 ■ A)) (N(w 2 ■ A)~ 1 A ?i , 2 (A)iV(A)) = a wl a W2 , 

which shows that the correspondence w i— > a w gives a representation of the Weyl group. 

From the formula for detiV(A), we see that iV -1 may only have poles at hyperplanes 
Xa,k(X) = 0, for some a G A + and k G Z> such that U\jjl + ka) ^ 0. Fix a G A + and 
k G Z> . We have 

iV(A)- 1 = a- 1 iV( SQ -A)- 1 A Sa (A). 

since N(s a ■ A) -1 does not have a pole at the hyperplane Xa,k(ty — 0, the singularity of 
iV(A) -1 may come only from the operator A Sa (X), which have at most simple pole there. 

The operators N(X) = N(X)C are obviously polynomial in A, and the conditions on C M 
ensure weight preserving and determinant properties of N(X). Finally, 

a w = N{w ■ A)" 1 A u ,(A)iV(A) = C~ l N{w ■ X)- l A w (X)N(X)C = C- l a w C 

do not depend on A, and for any u G C/ the vector 

E R (X)u = 5(A)(1 ® N(X)u) = 5(1 ® N(X)Cu) = E N {X){Cu) 

is polynomial in A. □ 
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Theorem 8. Let U be a finite- dimensional g-module, and let N G Endc(U) <8> C[f)*] be a 
regularizing operator. Fix any X G (}*. T/ien 

1. T/ie linear map 

E N (X ) : [/ - (M Ao ® Uf ns , u ^ Sing(l Ao ® iV(Ao)«) 

injective. 

2. VKe /lave t/ie following description of the image of A^(Ao)' 

Im iV(Ao) = {11 G [/ | Sing(lA <8> it) well-defined} . 

Proof. Let A be the root subsystem of A, defined by 

A = {«gA| («,A )GZ}. 

We set Aq" = A fl A + , and denote by W the subgroup of W, generated by root reflections 
s a ,a G A . 

Let w G Wq be such that w-A is antidominant with respect to Aq . Then, det N(w-X ) ^ 0, 
and N{w ■ Ao) is invertible. 
According to Theorem |], 

$ Ao Vw-(Ao+a») = ^-Ao ® A w (A )iV(Ao)u + lower order terms . 
Suppose for some u G C/[/i] we have Sing(l Ao <8> N(X ))u = 0. Then the intertwining 
operator $^ is identically zero, and in particular 

N(w ■ X )a w u = A w (X )N(X )u = 0. 

Since N(w ■ Ao) and a w are both invertible, we conclude that u — 0, and thus Sat(Ao) is 
injective. 

Now, let u G U[fj] be such that Sing(l Ao <S>u) is well-defined. Then the vector v! = A w (X )u 
is also well-defined, and we have 

u = A W (A )"V = N{X )a- 1 N{w ■ Ao)"~V G ImiV(Ao). 

Conversely, property (f|) of iV(Ao) guarantees that Sing(l Ao <8> u) is well-defined for any 
uGlmA^(A ). □ 

Finally, we prove that the regularizing operator is determined uniquely up to right multipli- 
cation by a polynomially invertible matrix C(A), satisfying certain P^-invariance conditions. 

Theorem 9. Let N,N be regularizing operators, and let a w ,a w be the associated constant 
representations of the Weyl group. Then the operator 

C(A) = A^(A)- 1 iV(A) G End c (l7) 
is polynomial in X, has a decomposition 

C (X) = 0tf„(A), tf„(A) G End c (f/[/i]), 

and satisfies 

C(w ■ X)a w = a w C(X). 

Moreover, the inverse operator C(A)" 1 is also polynomial in X, and the Weyl group repre- 
sentations equivalent. 
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Proof. Since regularizing operators preserve weight subspaces, we have 

C M (A) = iV M (A)- 1 iV M (A) G End c (U[/i}). 

The only possible singularities of C(A) = A^(A) _1 iV(A) may be simple poles at one of the 
hyperplanes Xa,k(X) = 0. Fix a G A + , k G Z> , and write 

N(X)- 1 = -1% + Y(X) 

for some X(A),F(A) G Endc(C^), regular at the hyperplane Xa,fc(A) = 0. 

It follows from the identity N(X)~ 1 N(X) = Id that for generic Ao from this hyperplane, 
we have X(A )iV(Ao) = 0. Hence, 

kerX(Ao) D ImiV(Ao) = ImiV(Ao) , 

which implies that C(A) is well-defined at Ao- Therefore, C(A) does not have a pole at the 
hyperplane Xa,k{X) = 0, which was arbitrary, and thus C(A) is polynomial in A. 

In view of (|5.1|) , we conclude that detC M (A) = (det AT M (A))~ detiV M (A) is a nonzero con- 
stant. Hence, each C M (A) is polynomially invertible. 

Finally, we compute 

C(w ■ A)~ 1 a„,C(A) = N(w ■ A)" 1 ^ • X)a w N(Xy 1 N(X) = N(w ■ X)- 1 A W (X)N(X) = a w . 
The invariance condition follows. Setting A = — p, we get 

a w = C(-p)~ l a w C(-p) 
and the representations a w , a w of the Weyl group are equivalent. □ 

Example: Let g = sl 2 - We identify h* with C by associating h* 3 X <-> (a 1 ,X) G C. 
Under this identification, a\ = 2 and p = 1. 

Let C/ be an irreducible finite-dimensional s^-module with highest weight A G Z> . For 
u G t/[A — 2k], k G Z> , we have 

fc 



Sing(l A ® u) = . ITT fc TV -Z 1 * ® e ' M • 



The weight subspaces of U are one-dimensional, the operators N^ 2 k(X) G End([/[A — 
2/c]) = C being scalars, and we take 

k— 1 fc— 1 

iVA- 2fc (A)=in^( A )=^ri( A -^- 

One can check that the operator a s acts in U by 

a s : / fc l A ^ / A - fc l A , fc = 0,l,...,A. 
In particular, if A is an even integer and u = / A//2 1a G U[0], we have a s u = u. 
We now state our main result on the existence of regularizing operators. 

Theorem 10. Let g = si^, and let U be an irreducible finite-dimensional g-module. Then 
there exists a regularizing operator N G Endc(£/)®C(f)*). Moreover, the associated operators 
a Si , corresponding to simple root reflections in W , coincide with the operators given by the 
formulas (f4.2|). 
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This theorem will be proved in Section [7|. 

Example. Let U be the adjoint representation of SI3. The zero weight subspace U[0] is 
the Cartan subalgebra f); the generators h\, hi G 5(3 form a basis in U[0}. 

The action of operators A[$(A) on U[0] is completely determined by the matrices 

4? (A) (^ 42(A) (i JJ) » 

where Ai = (a%, A), A2 = (« 2 , A). The operator AT™ (A) : U[0] — > U[0) is given by the matrix 
N m _ I f 2A ? + 2AxA 2 - A^ + 4Ai - A 2 2A? + 2AxA 2 - A* + 2X 1 - 2A 2 \ 

iV M (Aj g ^ 2A2 + 2AiAz _ A2 _ 2Ai + 2Aa 2A2 + 2A ^ 2 _ A2 _ ^ + 4 ^ J . 

It is a straightforward computation to show that 

N [0] ( Sl • A)- 1 Ai°](A)iV [0] (A) = ld u[0] , N m (s 2 ■ A)- 1 Ag(A)JV [0] (A) = Id^, 
and that 

detiV [0 ](A) = AiA 2 (Ai + A 2 + 1) = Xa 1 ,lWXa 2 ,lWXa 1 +a 2 ,lW- 



6. THE (g[ m ,gl n ) DUALITY, AND FUNCTIONAL REALIZATIONS OF g[ n -MODULES 

In Section [7] we will construct the regularizing operators for g = using a concrete 
realization of irreducible finite-dimensional s^-modules. This section is devoted to a review 
of some underlying results on representations of the reductive Lie algebras g[ n . 

The space C mn = (C m ) 0n = (C") 0m has natural commuting actions of gl m and g[ n . The 
algebra P m) „ = S(C mn ) of polynomial functions on C mn becomes a module over g[ m <g> g[ n . 
It has decompositions 

Vm,n= Pfc[(/il,...,/i m )]= Pf^JK,...,^)] 

where the subspaces 

Pfe[(/xi, . . . = 5^(C n ) ® • • • ® S^(C"), 
P^JK . . . , u n )} 9* S^(C m ) ® ■ • • ® 5^(C m ), 

are the weight subspaces with respect to the algebras gl m and g[ n respectively. 

In the explicit realization of P m>n as the polynomial algebra in mn variables C[{xy}], 1 < 
i < rn, 1 < j < n, the actions of gl m , gl n are given by 



'mi v'n 

n 



i=l ^ 



0l m 9 

a=l 



,m, 



where Erl k are the standard generators of the Lie algebra gl k , corresponding to the elementary 
matrices with 1 at the intersection of the r-th row and s-th column, and elsewhere. 



We have the following theorem, see [Zh 
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Theorem 11. The gl m <E> £)t n module P m>n has the decomposition 

where Vj denotes the collection of finite sequences A o/ nonnegative integers Ai > • • • > Aj, 
and V^ k for k > j denotes the irreducible Ql k -module with highest weight (A 1? . . . , Aj, 0, . . . , 0) . 

In particular, this theorem implies that a g[„-module V^ n may be realized as the subspace 
of gl m -singular vectors of weight A in P m , n . 

We will use the special case of the (gl 2 , 0t 3 ) duality, which gives the following decomposition 
of the polynomial algebra P 2i3 : 

P 2,3 = (J) V (m u m 2 ) ® V (m u m 2 ,0y 
mi>m2>0 

We identify a module m2 n with the the subspace of l 2 -singular vectors in the algebra 
P 2> 3 of weight (mi,m 2 ) with respect to gl 2 : 

ii+i 2 +i3=m,i+m 2 

Such identification gives the correspondence of the weight subspaces, 

/ \ sing 

ViS , 1>ma ,o)[('i.'2,/3)] = « ) ® <o) ® <!o)) K"»i, ma)]. 

Our next goal is to describe a realization of V^ 2 ^ <g> K^o) <8> K^o) as a certain functional 
space. In the remaining part of this section 1 = (Zi, / 2 , l 3 ) will denote a triple of non- negative 
integers. 

To shorten formulas, we will omit superscripts for gl 2 -modules and operators, and write 
V(ifi),E a b instead of V^,E^, respectively. By a slight abuse of notation, we also write 1; 
for the highest weight vector of the g[ 2 -module Vqa)- 

Let C[z],C(z) denote respectively the algebras of polynomial and rational functions in 
complex variables z = (21,22,23). 

Let TLk denote the space of symmetric polynomials in variables ti, . . . , t k of degree at most 
2 in each t\,...,tk, with coefficients in C[z]. We also set 

For any function ip of t±, . . . , t k , we denote 

Sym{<p(t u t k )) = v(Mi)> • • • > 
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Proposition 12. |[TV3|| The space H has a structure of a Q[ 2 -module, depending on I, such 
that the action of generators {E a b} on a function ip e H k is given by 

{E n ip){t X , ... 1 t k ) = (l 1 + l 2 +h - k)<p(t lt . . .,t k ), 
(E 22 (p)(t 1 , ...,t k ) = fopfa, . . .,t k ), 

{E ia <p)(t 1 ,...,t k - 1 ) = lim ^-- tk \ 
(E 21 (p)(t!, . . . ,t k+1 ) = — Sym J (p{t x , ...,t k ) ( JJ(t*+i - z a + l a ) f[ — ~Tt~~ ~ 

\ \a=l i=l k+1 * 

a=l i=l 

One can easily check that multiplication by any function of z commutes with the gl 2 action 
above; thus, Ti. can be regarded as a g[ 2 ® C[z] - module. 



Proposition 13. [TV3] The linear map 

: V (hfi ) ® v M ® v M -> n 

7*11. ^ Pfcai. ^ pfe, \ 



[1] (sgih^sgifa^^Sij 



(Zi - A;!)!(Z 2 - fc 2 )!(Z 3 - fc 3 )! 

/ 3 /kl+-+k a -l fci+fe 2 +fc 3 \ _ \ 

v n n n n f ._ t I (°) 

\a=l \ i=l j = fe 1+ ... + fe a+ i / j<j 8 i / 

zs a homomorphism of gi 2 -modules. 

Let Hfc[l] denote the subspace of TC k , consisting of functions (p 6 7"4, satisfying additional 
" admissibility" conditions 

y?(z;, Zi - 1, . . . ,Zi - h, t h+2 , . . . , 4) = 0, (6.2) 

imposed if A; > k, i = 1, 2, 3. We also denote 

One can check that 7i[l] is a g[ 2 <S> C[z] -sub module of TC. 
Proposition 14. 1. T/ie map 0[1] injective, and 

Im0[l] ® cw C(z) = <g> cw C(z). (6.3) 
2. There exists a homomorphism of q1 2 ® C[z] -modules 

J[l] : W[l] - (V ( , 1>0 ) ® V(, a ,o) ® % )0) ) ® C(z), 

sttc/i t/iat 

(Z[l] o 0[1]) v = v , for anyv eV {hfi) ®V {hfi) ®V {hfi) . (6.4) 

Moreover, for any ip e i/ie vector I[l]<p , rationally depending on z, may have at 

most simple poles, located at the hyperplanes 

Zj — r = Zi — li, r = 0, 1, . . . , min(Zj, lj) — 1, 1 < i < j '• < 3. 
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The Proposition is proved in Appendix B. 
Introduce X\\] G C[z] by 

h h h 

X[l; z] = Y[( Zl -h-zz + r) J^zi - h - z 3 + r) \\(z 2 -l 2 -z 3 + r), 

r=l r=l r=l 

and set 

M\l] = X[l] X[\\. (6.5) 



Corollary 15. The formula ( |6.5|) defines a homomorphism of gl 2 (S> C[z] -moeMes 

AT[1] : W[l] - (V (Ili0 ) ® %, ) ® ^3,0)) ® C[z]. 

Proof. For any <^ G the possible simple poles of X[l]y? are offset by X[l}. Therefore, 

A/"[l]</3 is polynomial in z. The g[ 2 -inter twining property for A/"[l] follows from the fact that 
is a g[ 2 -homomorphism, and the commutativity of multiplication by any element from 
C[z] with the action of g[ 2 . □ 

Now we let formal variables z take particular complex values; specifying z = z for some 
zq G C 3 will be reflected by adding z to the notation. For example, 0[1; z ] will denote the 
composition of 0[1] with the homomorphism C[z] — > C of evaluation at z = z , and 7Yfc[l; z ] 
will consist of symmetric polynomials in t\, . . . ,tk with complex coefficients, obtained from 
elements of TCk[l] by specializing z = z . 

We now establish certain properties of operators 0[1; zq], A/"[l; zq] for special values of zq. 
Recall the following standard decompositions of the tensor product of gl 2 -modules: 

(min(Zi,Z 2 ) \ /min(/ 2 ^3) 

V{h+h-i,i) ® V(hfi) = v M ® v {l2+h _ iti) 
1=0 J V 8=0 

Proposition 16. Let z G C 3 . 

1. If zq is generic from the hyperplane Z\ — z 2 — l\ + s = 0, < s < min(/i, l 2 ), then 

(mm(h,h) \ 
V(h+h-i,i) ® Vfjs.o) • 
i=s+i y 

2. 7/zq is generic from the hyperplane z 2 — z 3 — l 2 + s = 0, < s < min(/ 2 , Z 3 ), then 

V(i a +i 3 _i,i) , 
i= s +i y 

This Proposition will be proved in Appendix B. As a consequence, we obtain the following 
properties of operators J\f[l; z ]. 

Corollary 17. Let z G C 3 . 

1. 7/z is generic from the hyperplane Z\ — l\ — z 2 + s = 0, < s < min(ii, Z 2 ), i/ien 



im 



min(Zi,Z 2 ) 

A^[l;z ] c [ V (ll+h -i A ] ®V fe)Cl! 

i=s+l 
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2. If z is generic from the hyperplane z 2 — l 2 — £3 + s = 0, < s < min(Z 2 , h), then 

(min(Z 2 ,Z3) 
© V(i 2+ i 3 -i,i) 
i=s+l 

Proof. Let if E 7Y[1; z ] . Then it follows from the definitions and (|6.3| ) that 

0[l;z o ]oAr[l;z o ]^ = #[l;z ]^. (6.6) 

For any point zq from the hyperplane z\ — l\ — z 2 + s = with < s < min(/i, l 2 ), we have 
that Af[l;z ] = 0, and therefore A/"[l;zo]y C ker0[l;z o ]. Hence, the first assertion follows 



from Proposition [L| . 

The proof of the second assertion is similar. 



□ 



Note that admissibility conditions (|6.2j ) are invariant under simultaneous permutations of 
triples 1 and z, i.e. we have 

H[l;z} = H[a(l);a(z)}, a e S 3 . 



Proposition 18. There exists a family of linear operators 1Ztj'(u) : Vn,o) ® V(i f ,Q) 
Vq q), rationally depending on a complex parameter u , such that 

U l L (u-l + j) 
K^i^h ® l v = -±±=£ '-l v ® 1,, 

U j= i(- u - l ' + j) 

and the following diagram is commutative for generic z: 

H[s 1 (l); si(z)] > V(, 2)0) (8) %,o) ® V(, 3)0 ) 



ft[l;z] 



■Af[l;; 



V(i ll0 ) ® V(j a ,o) ® ^3,0) ■ 



W[s 2 (l); s 2 (z)] • V[s2(1) '^ (z)] ) V( ili0) <g> V(i3,o) ® V( i2)0 ) 



V(/',o) 



(6.7) 



(6.* 



Proposition 18 is proved in Appendix B, where it is shown that the operators TZi^(u) are 
the standard rational i?-matrices, renormalized by (|6.7|). 



7. The main construction 
Let U be an irreducible finite-dimensional s^-module with highest weight A. Set 

m = (a 1 + 2a 2 , A), k — (a 2 , A). 

The g[ 3 -module V^_ k k Q y regarded by restriction as an s[ 3 -module, is isomorphic to U. We 
fix an identification (which is unique up to a scalar) 

9 . u _ (y M 3 Vm 3 V a3 , 0) ) SinS [(m - fc, fc)], 

1GZ 3 >0 
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so that G maps a weight subspace U\p] to (V^o) <£> V(Z2,o) ® V"(/ 3j0 )) smg [(m — k, k)], where the 
corresponding 1 = (h,l 2 ,h) G Z> is determined by 

h-l 2 = (ai,fj), h - h = (a 2 ,/i), k + l 2 + l 3 = m. (7.1) 

Under this identification the Weyl group for 5(3 coincides with the symmetric group £3 
naturally acting on Z> . 

For any 1 G Z> we fix a basis {i>i[l]} of the space (Vj^o) <8> V(i 2 ,o) ® V(i 3 ,o)) ' [( m ~ &)]■ 
We assume that fj[u>(l)] = where the operators w correspond to the action of the 

Weyl group given by Lemma |2|. Note that if w(l) = 1, then the restriction of w on 

(Y(h,o) ® ^2,0) ® V(h,o)) Smg \{ m ~ k, k)) is the identity operator. 
We have the following Lemma, proved in Appendix C. 

Lemma 19. For any 1 = (/1, l 2 , Z 3 ) G Z> , and G Z> 0; we aai>e 

dim W fc [l; z] sing = dim (V (/l , 0) <g> V (Ja , ) <8> ^3,0))^ [(m - fe, fc)] , 
and taere exzsfo a C[z]-6asis {q[1]} o/7ifc[l] smg ; snca i/ia£ 

q[1;z] = Q[a(l) ;( x(z)], a G S3. (7.2) 

Define the operators T[l] : (V {hm g> Vp^oj ® ^3,0))^ [(m - fc, fc)] -> ft[l] sing by 

T[l]^[l] = Q [1]. 
By construction, the operators T[l] satisfy 

(V( h ,o)®V[ Ilt o)®V r (I 3 f o)) lh,g [(m T[ ' l(1); ' l(,)] , H k [s 1 (l);s 1 ( Z )r^ 

si 

{V ih ,o)^V il2fi) ^V il3fi) y' ms [(m-k,k)] ™* H k [\;z}^ • (7-3) 

(Vp 1 ^®V r ^,®V( h ^) ,, ^[(m T[52(1);S2(Z)] ) H k [s 2 (l);s 2 ( Z )}^ 
We now introduce our main object — the operators N^(X) G Endc — by setting 

N^X) — © _1 o JV"[1; z] o T[l; z] o 6 . (7.4) 
Here /z and ^i, Z 2 , l 3 are as in (|7.1|), and ^1,^2, 23 satisfy 

(21 - /1) - (22 - fe) = A + p), (z 2 - Z2) - (z 3 - h) = (a 2 , X + p) ■ (7.5) 

Theorem 20. The operator N(X) = ©^^(A) is a regularizing operator for the g-module 
U. The corresponding Weyl group representation w 1— > a w is such that a Si = Sj. 

Proof. Corollary [I| implies that the operator N(X) depends on A G f)* polynomially. 

To check ( |5.2| ), we use the result of |[rV2j| , where it was shown that the action of the 
dynamic Weyl group operators A w in P 2j 3 coincides with the action of operators 1Z. More 
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precisely, we have the following commutative diagram: 

U[ Sl fi] ► (y ( , 3i0) ® V (lu0 ) ® V (Z3 ,o)) smg [(m - fc, fc)] 

A^(A) 7^ ;i i 2 (21-22)^1 

► (V (h)0) ® V (fa>0) ® V- (/3i0 )) sins [(m - fc, fc)] • 



(7.6) 



l®^i 2 ii (22-23) 



C/[s 2 //] ► (%, 0) ® V( Ia ,o) ® V(/ 2 ,o)) smg [(m - fc, fc)] 

Combining (|7.6| ) with ( |6.8|) and ( fT.3|) , we get the commutative diagram 



TT\ 1 ^IM^rA) 



81 



*2 



f/[s 2 /i] Afa2 " (S2 A) ' U[s 2 jj] 



which implies 

Next, the operator J\f[l; z] _1 



Af [1; z] 0[1; z] is singular only at the hyperplanes 
Z\ — l\ — z 2 + s = 0, < s < I2 , 
2 2 - l 2 - z 3 + s = 0, < s < l 3 , 
zi — l\ — z 3 + s = 0, < s < I3 , 
which correspond respectively to the hyperplanes 

Xai,fa- 8 (A) = 0, 0<s</ 2 , 

IWs-*^) = 0> 0<S</ 3 , 

X ai+Q2 ,« 3 -s(A) = < s < Z 3 . 

Now it follows from Lemma ||| that N(X) satisfies (|5.1j) . 

Finally, let us show that for any u G Z7[/x], the vector E N (X)u G W(n~) <S> Z7 poly- 
nomially depends on A. According to ( |3.1|) , this is equivalent to regularity of the sum 
J2j { s \ % ^id^NWu for any « at any hyperplane x«,r(A) =0, a G A + , r = 1, 2, . . . . 

Consider the case a — a±. 

Let {gj} be the Poincare-Birkhoff-Witt basis of ZY(n~), corresponding to an ordering of A + 
with «i being the last root. It is known (see |[ES|| ) that (S 1 ^ 1 )^. is regular at the hyperplane 

Xai,r(A) = unless gj = (jjf[ for some gj G W(n"). In the last case (5^ ) r may have a simple 
pole there, and the desired regularity will follow if uj(gj)e[N(X)u vanishes at the hyperplane 

Xa u r(X) = 0. 

We prove that e[N(X)u = at the hyperplane Xai,r(A) = using the explicit realization 
of the module U in P 2 3 . The operator e\ : U\jjl] — > U\p + rai) corresponds to the operator 

EtfX ■■ (%,o) ® V M ® y ( / 3 ,o)) Sing [(m-fc, fc)] - (% +r , 0) ® V(, a _ P> o) ® %,,o)f ng [(m-fc, fc)] 
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if r < 1%, and is equal to zero, if r > Z 2 . There is nothing to prove in the latter case. The 
claim in the former case is implied by the following lemma. 

Lemma 21. Assume that r < Z 2 . Let z be a generic point from the hyperplane (z\ — li) — 
z 2 + (7 2 — r) = 0. Then the following composition of operators vanishes: 

H[l; z ] A ^5' 1 V( Zl! o) ® V ihfi) <g> V ( / 3! o) ^ —> V ih+Tfi) ® %_ r , ) ® Vq 3>0 ). (7.7) 

Proof. Since r < Z 2 , the product z] contains the factor — Zx — z 2 + (Z 2 — r), corresponding 
to Xai,r(A), and ^[l;z ] = If l 2 — r > min(Zi,Z 2 ), then Z[l]<p is regular at z = z for any 
<p G TC[l], and the operator Af[l; z ] = z ] Z[l; z ] vanishes. 

If Z 2 — r < min(Zi , Z 2 ) , then by Proposition [T7|, the image of A/"[l; z ] is contained in 

(®i^2-r+i V(h+h-i,i)j ® ^(ia.o)- Since ^Ef 2 3 J commutes with the gl 2 action and 

V( h+r ,o) ® Vp a _ r , ) ® V (M ) = ^0 % + , 2 _ M ) j <g> V (/3! o) , 

the composition (|7.7|) vanishes. □ 

The case a = a 2 can be considered similarly to the case a — a\. 
Let now a — oji + o>2- In this case we have a — s 2 oji, and therefore 

Xa,r(A) = (a, A + p) - r = (s a ati, A + p) - r = (aj, s 2 ■ A + p) - r = x ai , r (s 2 ■ A). 

Recall that Htv(A)w is regular at the hyperplane x«,r(A) = if and only if the operator 
^a^aju is regular at the same hyperplane. 

Consider A from the hyperplane (a 2 , A + p) = —n, for a large enough nonnegative integer 
n. Then M A is contained as a proper submodule in M S2 . X , and we have 

a JV(A)u = ^A( S2 .A)iV( S 2-A)«| 
^A s 2 -A |M A ■ 

Since the operator is regular at the hyperplanes Xai,r(s2 • A) = 0, so is the operator 

^N(\)u^ jj ence ~, N ()^ U no p i e a t the hyperplane Xa,r(A) = x«i,r( s 2 " A) = 0, provided 
(a 2 , A + p) = — n. 

The rational function Xa,r(X)E N (X)u is regular at the hyperplane Xa,r(A) = 0, and vanishes 
at infinitely many points of the hyperplane. Therefore, the function must vanish at the 
hyperplane identically, that is E N (X)u has no pole at the hyperplane Xa,r(A) = 0. □ 

8. Resonance conditions 

Let g be a semisimple Lie algebra, and let U be an irreducible finite-dimensional g-module 
with nontrivial zero weight subspace U[0}. 

Let N(\) G Endc(?7) be a regularizing operator. Introduce an Endc(t/[0])-valued function 
\&(A, x), where A G t)*,x G t), by 



y(\,x)u = Tr\ Mx ^ {X)u e x 



Special cases of the function \1/(A, x) were used in ||ES|| to give a representation-theoretic 
proof of the algebraic integrability of Calogero-Sutherland systems. In [EV| it was shown 
that the trace functions satisfy remarkable differential and difference equations. 
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An important property of the function ty(X,x) is that it satisfies certain resonance condi- 
tions. 

Proposition 22. Let N = N(X) be a regularizing operator acting in a finite- dimensional 
Q-module U with U[0] ^ 0, and let \l/(A,x) be the corresponding trace function. 

Let a G A + and k G Z> be such that U[ka] ^ 0. Then for any A G f)* such that 
Xa,kW = 0, and any u G ker N(X) C U[0], we have 

ty(X, x)u = ty(s a ■ X, x)u . 

Proof. Let A be generic from the hyperplane Xa,k{X) = 0. Then M\ contains a unique proper 

submodule M Sa . x , and N(X)u = implies that the image of $^ A - )U is contained in M Sa . x ®U. 

Therefore, the trace of the operator $^ A - )M in M\ is equal to the trace of its resrtiction to 

M Sa .\. Moreover, the restriction of to the submodule M Sa .\ coincides with $^.^ Q A ^", 

and we have 

*(X,x)u = Tr \ Mx (fcf A) V) = Tr | Msq . a ($f A V 



Tr\ Msa l^r X)U e x )=ns a -\x)u. 



□ 



Example: Let g = s[ 2 . We identify f)* with C by associating t)* 3 X ^ (a, A) G C. 

Let U be an irreducible finite-dimensional s^-module with even highest weight A. In this 
case the weight subspace U[0) is one-dimensional, End(C/[0]) = C, and the function ty(X,x) 
is scalar-valued. It satisfies the resonance conditions 

ty{X,x) — ■ X,x), A = 0, 1, 2, . . . , A/2 - 1 . 

Appendix A. Formal monomials 

To prove Theorem [| we use the calculus of formal monomials in U(n~), developed in 
[FFMJ. 

Lemma 23. Let f G n~,X G g. For any n G Z> we have the following identity in U{wr), 

x f n = E □r~ fc j[[x, /],..■,],/] . (A.i) 

^ — ^ fc times 

This lemma is proved by induction. Note that the summation over k is finite. 
Introduce an associative algebra A, with unit 1 and generators z = 1, . . . , dim f), 7 G C, 
subject to the relations 

[/„[,...,[/*,£]...]] =0, a^ = ^^f (A.2) 



a^j times 



fUl = fr\ A7GC, (A.3) 

/'# = E U y?" fc ][---[/i. /J].- •-,],/>■]; 7 G C. (A.4) 

fe times 

where the commutator [•, •] is defined as [X, Y] = XY — YX. 
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Lemma 24. There exists an algebra homomorphism i : U(n ) — > A such that i(fi) = /, for 
any i — 1, . . . , dim h. JTie homomorphism i is injective. 

Proof. It is known that £7(ti~) is the quotient of the free Lie algebra with generators {/»}, by 
the ideal, generated by the Serre relations ( |A.2| ). Therefore, i extends from the generators 
to the entire algebra U{x\r). 

Next, we note that the algebra A is nonzero, i.e. the ideal, generated by the relations 
( |A.4| ) is proper. Indeed, a linear functional (p on A, defined on monomials by 

Vif£ ••••/?) = !> 

is well-defined, and is nonzero, so A ^ 0. 

Let A G h* be generic. Introduce a g-module M\, which is equal to A as a vector space, 
with fi acting naturally on the left, h G f) acting by 

hf^...f^ = (h,X-J2 lk a lk )f^...fl 

k=l 

The action of operators is determined by the condition e(Y = 0, and the commutation 
formula 

< = E [l)fr k [l--[^f^---,}Jj}; 7 G C. 

k times 

The module M\ is an obvious analog of the Verma module M\. 

For any X, Y G W(n _ ), consider the action of ou(Y) G U(q) on the element G Ma- 

We have cj(Y>(X)1 = S\(X, Y)l, and therefore i(X) = implies S A (X,F) = for any 
Y G U(n~). Since the Shapovalov form S\ is nondegenerate for generic A, this means that 
X = 0. Thus, t is an injection. □ 

We identify lA(xi~) with its image l{U{x\t)) C A. We say that an element X G A makes 
sense, if X G U(xc). 

Example 1. Let g = s[ 3 , and let 71, 72, 73 G C. If 71 + 73, 72 G Z> , and 71 + 73 > 72, then 
the monomial fT fT m &kes sense, and we can write 



/r/ 2 72 A 73 = E (] 2 ) (7)- / ' 1 '" ^ 72 



Consider the completion A ®U{yc), consisting of possibly infinite sums Y^i-^-i ® with 
A; 6 A and homogeneous Y, G W(n~), such that wt(Yi) — > 00 when z — > 00. 

We following two Lemmas can be easily verified; we give sketches of proof, and leave more 
technical details to a reader. 

Lemma 25. There exists an algebra homomorphism 

A : A -»• A<g>W(tT), 

stzc/i that 

00 



A (/7) = E(])/7~ J '®// 



j=0 

□ 
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Sketch of proof . We have to check that the comultiplication above can be extended to an 
algebra homomorphism, i.e. that it respects the defining relations (|A.4j) . For each such 
relation of homogeneous weight 7, it amounts to verifying a family of identities in weight 
subspaces A[v) ®W(n~)[7 — v\. These identities are are valid for any nonnegative integer 7, 
because in this case they are equivalent to the consistency of the comultiplication in U(n~). 
Since these identities are polynomial in 7, they are satisfied for arbitrary 7. □ 

It is easy to see that if X G U{n~) C A, then A(X) G U(n~) U{n~) CA® U(n~). 

Lemma 26. Let J G Z> ,7i, . . . ,7; G C. Let {gi) be a homogeneous basis ofU(n~). Then 
there exist Ji, . . . , Ji G Z>o, such that any monomial ft~ n ■ ■ ■ f^~ n with ji, ■ ■ ■ ,ji < J, can 
be written as 

nr n ■ ■ ■ fr n = vr Ji ■ ■ ■ fr Ji E *fa 

i 

for some polynomials qi(ji, ■ ■ ■ , 7/). □ 
Sketch of proof . The statement is obvious for 1 = 1. Using induction on I, we can write 

fix-h fii-i-ji-i fii-ji _ fji-Ji jrfi-i-Ji-i I \ A _ /_. \„ | fii-ji 

Jh ■■■ /<,_! hi ~ Jii ■■■ h-i I 1^ W 1 ' ■ ■ ■ ' ll > 3i J h 

Then we can move all to the left by commuting them with {gi}; nilpotency of the adjoint 
action of f^ will guarantee that all only finite number of /^'s can be absorbed. □ 

We now use these resulst to give a proof of Theorem ^. 

Proof of Theorem f|. We represent the left side of ( [4.4| ) as 

$X-(a+m) = ®xF w (\ + n)lx+» = A(F W (A + /i))S(A)(l A ® u) = 

jl,-,3l&>a i,3 

ft {X+ ^ . . . .C A -" : 'V/,1a ® fc% ft... f^( 9j )u. (A.5) 

Here the coefficients 9ji,...,j,(7i(A + jti),... , 7j(A + //)) are certain polynomials in 71 (A + 
//),... , 7i(A + /x). The summation in (|A.5|) is actually finite, because the element //^ . . . //' 
acts as zero in U if any of ji, . . . ,ji is big enough. 

Next, we have that 7/t(A + /i) = 7fe(A) + {fa,ij) for some fa G A + . Hence, for all nonzero 
monomials in the sum, we have 

7 fe (A + (jl) - j k = 7fc(A) + /i) - j k > 7fc(A) - J, fc = 1, . . . , /, 

for some J G Z>o- Lemma ^6] implies that there exist Ji, . . . , Ji G Z>o, such that we can 
write 



a(f w (a + aO)e(A) = (/f (A) - Jl ...)? (A) - J, ®i) (£<?;®^(A)), ( A - 6 ) 



for a certain finite collection of End<c(^)-valued rational functions -Pi (A). 
We now make two claims, which imply Theorem |j. 
First, in the summation formula ( |A.6| ) we have 

P,(A) = 0, if wtfo) £ wt(/f . . . ff) - Q + . (A.7) 
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Second, for some rational Endc(^)-valued functions A W (X), we have 

(^ l(A) " Jl ■ • ■ fl l[X) ' Jl ® l) {y^9i ® m)) = FM ® A«(A), (A.8) 

where denotes the sum of terms with wt(<?j) = wt(/^ 1 . . . f t l ). 

To verify these claims, we consider a dominant integral weight A such that A ^> 0. One 
can check that for any u 6 U we have 

A(F W (A + /x))S(A)(1a ®u) = v w .\ ®u+ lower order terms , (A. 9) 

for some u & U . In particular, the term <g> P»(A) is nonzero only if 

wt(/^ (A) - Jl . . . n; [X) - Jl ) + wt( 9i ) + A < w • A. (A.10) 

From the definition of 7fe(A) it follows that 

X + wt(f^...f^) = wX, 

and thus (|A.9|) implies ( |A.7|) for the given A. Since the rational functions -Pj(A) vanish for 
all sufficiently large dominant integral weights, they must vanish for all A. 

Using equation ( |A.8| ), we define the dynamical Weyl group operator A W (X) for integral 
dominant A ^> by the rule A w (X)u = u. We now establish that A W (X) rationally depends 
on A, and verify our second claim. 

By Lemma |2B], we can write 

i ? w (W (A) - J ^..yf (A) - J, ^Q<(AK 

i 

for some polynomials Qi(X) in A G f}*. Equation ( |A.9| ) then becomes 

(^ i(AWi • • • ^ (A)_Ji ® i) (e'q«(a)»i ® • ( A - n ) 

or equivalently 

J^gd ® Pi(A)u = E'^CA)^ 1 ® 4»(AH 

i i 

It is valid for dominant integral A>0, and implies that for all i we have 

A W (X) = if wt( 9i ) = wt(/* .../f). (A.12) 

Therefore, A«(A) can be extended to a rational Endc(£/)-valued function, such that ( |A.12| ) 
is satisfied for all A. Equations ( |A.11|) , (|A.8|) , and flOj) follow for all A. □ 
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Appendix B. Yangians, weight functions and _R-matrices 

We recall some facts about the Yangian Y(gl 2 ), and explain how to get weight functions 
as matrix elements of evaluation Yangian modules. For more details on Yangians, see for 
example ||CP|1 . 

The Yangian Y(gl 2 ) is a Hopf algebra with generators , i, j = 1, 2; k = 1, 2, 3, ... . The 
relations are most conveniently written in terms of the generating series 



{k) u- k 
ij « 



T tj (u) =5 tj + J2 T , 

k=l 

and have the form 

(it - v)[Tij(u),T kl (v)] = T kj (v)Tu(u) - T kj (u)T a (v) . 
The coproduct for Y(gl 2 ) is given by 

2 

Tij(u) i ^ 2J T kj(u) <S> T ik (u) . 

k=l 

The Yangian Y(gl 2 ) contains U(gl 2 ) as a Hopf subalgebra, the embedding U(gl 2 ) — > Y(gl 2 ) 
being given by Eij 1 — > T^. We identify U{g\ 2 ) wih its image in Y(gl 2 ) under this embedding. 

There is a family of homomorphisms e z : Y(gl 2 ) — > W(gl 2 ), depending on a complex 
parameter 

e 2 : Ty(ii) ^ 5ij H — . 

It — 2! 

These homomorphism are identical on the subalgebra U{gi 2 ) C Y{gl 2 ). 

For any g[ 2 -module V, we denote V(2) the pullback of V through the homomorphism e 2 ; 
the Y(0[ 2 )-module V(z) is called an evaluation module. 

The Yangian action in a tensor product of evaluation modules is the underlying structure 
for the functional realization 0[1] of the tensor product of the corresponding g[ 2 -modules. 

As before, 1 = (h,h,h) will always denote a triple of nonnegative integers. For any 
k G Z> set 

Z k = {(ki, k 2 , k 3 ) G Z| I k x + k 2 + k 3 = k} , 
Z k [l] = {(hi, k 2 , k 3 ) G Z k I ki< h, k 2 < l 2 , k 3 < l 3 }. 

Proposition 27. ||KBI| , TV3|1 Let z = (z\,z 2 ,z 3 ) be a triple of complex numbers. Consider 
the Y(g[ 2 ) -module V(i lfi )(z 1 ) <g> V(i 2:0 )(z 2 ) <g> V(i 3i0 )(z 3 ). For any k G Z> ,q G Z k [\], we have 

3 k \ 

IJ Y[(t a - *) T i2^i) • • • T 12 {t k ){l h <g> l, a ® l h ) = 

=1 a=l J 
P62 fc [l] 

nn^-^)) t 21 (to... t 21 (4)^1^ <8> ^i, 2 (8^1,3) = 

v i=l a=l / 
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where 

w k [l; z)(ti,...,t k ) = 

/ 3 /fcl+-"+fci_l fcl+fe 2 +fc3 \ , , i 

w s vm n n <«.-*+« n 

1 ^ 13 \i=l \ a=l 6=fc i +--+fc ! + l / a<6 a 



z](ti,...,t 



k) 



, / - / ki+-+ki-i k 1 +k 2 +k 3 > _ 

v n n n (^^« n 



fcilfco!^! \ \ / t a — th 

\i=l V a=l 6=feiH / ci<£> 

The functions u^l; z] and m4[1;z] are called the weight functions and the dual weight 
functions, respectively. They are polynomials in ti, . . . , t k , and zi,z 2 , z 3 . 
The definition ( |6.1| ) of the the map 0[1] can be written as 

L'/i' koHJ k*HJ 
#; .] {Eli 1„ « £§l la » B gl„) = ^ ^ ^ z] . 

Let Ti.' k denote the space of symmetric polynomials in variables ti, . . . , t k of degree at most 
2 in each ti, . . . , tfc. Set 

w' = K- 

fcGZ> 

It is clear that H k = H' k ® C[z] and H = H' ® C[z]. 

Theorem 28. ||TV3|| Tae space 7^' nas a structure of a Y(q1 2 ) -module, depending on l,z, 
with the following properties: 

1. ine Q[ 2 -module structure on Ti' coincides with that, induced by the Ql 2 -module structure 
on Ti, described in Proposition [7I| / 

2. the map 0[1; z] : V^m^i) Cg) ^(^o)^) ® ^3,0) (#3) — ► W is« homomorphism ofY(gi 2 )- 
modules. 

We now use the representation theory of the Yangian Y(gl 2 ) to prove the results, an- 
nounced in Chapter 6. The following theorems go back to M. 

Theorem 29. fTj 

1. Lei / G Z> , and /e£ C/ be an irreducible finite- dimensional Y(q{ 2 ) -module. Then for 
generic z G C, the Y(q1 2 ) -modules U (g) Vno)(^) <™<^ V^o)^) <S> £7 are irreducible and 
isomorphic to each other. 

2. Lei /, /' G Z>o, ana 1 /ei z, z' G C fre st/cn iaai z — / = z' — r for some r = 0,1,..., 
min(/,/') — 1. Then the Y (gl 2 ) -module V^i^(z) <g) Vq'^(z') contains a unique proper 

submodule Vij>. r (z). As a Q[ 2 -module, Vi t i>. r (z) is isomorphic to 

min(M') 

Vijl'-M= y{i+v-s,»y (B.l) 

s=r+l 

Theorem 30. |T[ Let 1,1' G Z>o. There exists a unique linear operator Riji(z) G EndcCV^o)® 
V(p.o)), rationally depending on a complex parameter z , such that for generic z, z' the operator 

R hV (z -z')=Po R hl ,(z - z') : ® V v (z') -> V v (z') ® V t (z) 
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is an isomorphism of Y(q1 2 ) -modules, P being the permutation operator: P{u <S>v) — v <S> u, 
and 

R l>v {z)li®l v = h®li>. 
We call the operator R^i>(z) the standard rational i?-matrix. 



Proof of Proposition \TQ. Let z = (z\, z 2 , z%) be a generic point from the hyperplane Z\ — z 2 + 
l 2 — r = 0, with r = 0, 1, . . . , min(/i, l 2 ) — l. Then it follows from Theorem p9| that the Y(q{ 2 )- 
module V(i li0 )(zi)®V(t 2 ,o)(z2)<g>V(i 3 £)(z3) has a unique proper submodule Vi u i 2 - r (z 1 )^>V( hfi )(z 3 ), 
while Proposition |27| and formula ( |B.1|) imply that ker 0[1; z ] contains ^^(21) ® Vj^Q)^). 
Since 0[1; z ] is a non-trivial homomorphism of y(0[ 2 )-modules, the kernel ker0[l;z o ] must 
be a proper F(0[ 2 )-submodule, which proves the equality 



ker z ] = V^ li/2;r (zi) ® Vn afi) (z 3 ) 



The proof of the second part of Proposition 16 is similar. 



□ 



Proof of Proposition \TQ. It follows from Proposition [27] that to determine the image of a vec- 
tor v E V h ®Vi 2 ®Vi z , we must act on it by the element (TILi l~la=i(^ _ Z S) ^2i(*i) • • • T 2 i(t k ), 
and then use the linear functional (1^ <S> l/ 2 ® lz 3 )*- The y(jjt 2 ) -intertwining property of the 
i?-matrix implies that we have the commutative diagram 



Vu 



v h ®v h 



</»[si(l); S l(z)] 



^i 1 ( 2 ( 2 l- 2: 2)®l 



l<3Rl 2 l 3 ( z 2- z 3) 



n[ 8l {i)-M')] 



H[l;z] 



Now denote 



V h ®V h ®V h > n[s 2 {l);s 2 {z)\ 



= =r , : r Rli'W 



UU(- u - 1 ' + j) 



The commutative diagram (p.2| ) and the formulas 

Ut 1 (zi-Z2-h+j) 



*[l;z] 



X[s 1 (l);s 1 (z)} 

*[l;z] 

nL(^-^-/ 3 +j) *[a 2 (l) ;a2 (z)] 



z 3 



h+j) 
h+j) 



imply that the operators IZiy (u) satisfy the conditions of Proposition [L8 



(B.2) 



□ 



In the remaining part of the Appendix we construct the map X[l] explicitly, and describe 
its singularities. 
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Let u = (ui,u 2 ,u 3 ) be complex variables, and for any k G Z> set 7i k = H-k ® C[u]. 
Denote also 

n k [u;z}(t 1} ... } t k ) = f]T]- l —, FT ta - tb . 

For any function F = F(t\, . . . ,t k ), set 

Res (Ci,...,C fc ) F = Res * fc =a (R^stk-i^k-i (• • • Res tl=Cl F(tx, . . . , t fc )) . . .) , 

Introduce a symmetric C(u; z)-valued bilinear form (•, •) on each 7i k , so that for any 
<p, if) G 7^^ the value {<p,if)) u ,z of the corresponding rational function at generic u, z is given 
by 

(<p,ip)u,z = Res r k -H (^[ u ; z M u ; z ]^fc[ u ; z D, ( B -3) 

ke2 fe 

where the "string" t^~[z] is defined by 

r k [z] = Oi, . . . , zx - h + 1, z 2 , ■ ■ ■ , z 2 - k 2 + 1, z 3 , . . . , z 3 - k 3 + 1) . 
Remark. The definition above is motivated by the fact (see |J1'V4|) that the integral over 



the imaginary hyperplane Reii = • • • = Ret^ = 0, 

(n^k J " J ^t u; Z K* 1 ' • • • >*fcM u ! z ](^i, • • • ,t k )n k [u; z](ti, . . .,t k )dti ...dt k , 

converges when Re(iij) <C Re(zj) < 0, i = 1,2,3, and represents the rational function 

((p,if>). 

Evaluating the integral by residues, and using the analytic continuation, we get the more 
convenient algebraic formula (|B.3|) ; one can show that it is equivalent to another iterated 
residue formula: 

((p, V>)u,z = (-l) fc Res r+{z-u] (V^[u; z]^[u; z]Q k [u; z]) , (B.4) 
where t£ [z — u] is defined by 

r£[z-u] = • • . , zt-ut+h-l, Z2-U2, . . . ,z 2 -u 2 +k 2 -l, z 3 -u 3 , . . . , z 3 -u 3 +k 3 -l). 

Lemma 31. For any <p, if) G 7i k , the only possible singularities of ((p,if>) u ,z ore simple poles 
at the following hyperplanes: 

Zi — Ui = Zj — r, i, j = 1,2,3, r = 0, 1, . . . , k — 1. (B.5) 

Proof. Since 99, ^ are polynomials, possible singularities of (tp, if>) U)Z are determined by Q k [u; z]. 
Using explicit formulas, one can check that Res r -j z ](f4[u; z]) has only simple poles located 
at the hyperplanes 

Zi - Ui = Zj - r, Zi = Zj-r, i, j = 1, 2, 3, r = 0, 1, . . . , k - 1 . 

Similarly, Res r +j z _ u ](f2 fc [u; z]) has only simple poles located at the hyperplanes 

zij — Zj 7™j 2^ — — ttj 7" ? ~~ 1 ^ 2 ? 3 ? v — 0^ lj . . . ; k 1. 
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Since ((p,i/)) u ,z is given either by formula ( |B.3|) or ([B.4|) , the function (<p,i/)) U)Z can have 
poles only at the hyperplanes which belong to both of these lists, which gives precisely list 

(ED- □ 

Let TCk[l], k G Z> , denote the subspace of functions <p G Hk, satisfying the following 
conditions for each i = 1,2,3 such that k < k: 

<f(zi, ...,Zi-li, t h+2 , . . . , t k ) = at the hyperplane Ui = k. 

We have two important imbeddings of into Wfc[l], given by ip i— > <p~, 

^~[u; z\(ti,...,t k ) = ^[z](ti,...,t fc ), 

and ip i — > ip + , 

</?~[u; z](ti, ...,t k ) = <p[z-u + l](*i, • • . ,tfc). 

For p G iJfc, let w p = iy p [u;z] be the weight function defined in Proposition [27], with 
integers 1 = (h,h,h) replaced by variables u = (ui,v,2,Us). It is obvious that w p G Hk] 
moreover, if p G then w p G 7Yfc[l]. 

Lemma 32. Let p G -Z^[l], and ip G 7ijfe[l]. 

1. The function {w p ,(p~) UiZ may have only simple poles, located at the hyperplanes 

Zi — Ui = Zj — r, 1 < i < j < 3, r = 0,1, ... ,lj — 1. 

2. The function (w p , (p + ) u ,z m ^y have only simple poles, located at the hyperplanes 

Zi — Ui = Zj — r, 1 < i < j < 3, r = 0,1, ... ,U — 1. 
Proof. Since <^~[ u ; z](r q [z]) = <^[z](t~ [z]) = unless q G Zk[l], we have 

(w P ,v~)u, z = Yl ^( r q [ z ])R e s Tq [ Z ]( w p[ u ; z ] fi fe[ u ; z ]) = 

Y V~ ( r q t z ] ) Res - q ~ M t u; z ] t u ; z l ) • 

Let q G 2fc[l]. From the explicit formulas for u> p [u;z] and fifc[u;z] it follows that the 
function Res T -[ z ](w p [u; z]fi fe [u; z]) has no pole at the hyperplane Z\ — Ui = Zj — r provided 
i > j or r > qj. Using the description ( |B.5| ) of all possible poles, we see that (w p , <£>~) u ,z may 
have only poles corresponding to i < j and r < qj < lj, which proves the first assertion. 

Similarly, using the fact that <p + [u; z](r+[z])(/?[z — u](r+[z — u]) =0 unless q G 2k[l], we 
arrive to the formula 

(w P ,v + )u, z = Y ¥ ,+ W[ z_u ]) Rfl8 r+[«-u]( u; p[ u ; z ] n fc[ u ; z ])- 

ieZ k [i] 

For any q G Z k [l] the function Res r +[ z _ u ](w p [u; z]f2 fc [u; z]) has no pole at the hyperplane 

Zi — Ui = Zj — r provided i > j or r > q t . Therefore, it follows that (w p ,ip + ) u - z may only 
have poles corresponding to i < j and r < g« < /j. □ 
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Lemma 33. Let (p,ip G Wfe[l]- The function {<p,ip) u ,z analytically continues to u = 1, and 
we have 



(<p, ^)i, z = Yl Res T k h (vft Z M*; z Pfcft Z D 



'k 

kez fc [i] 

= (-l) fc £ HeB^q^z^zln^jz]). (B.6) 
ke2 fc [i] 

In other words, the analytic continuation to u = 1 can be computed by applying the 
residue formula to the specialized functions z], <£>[1; z] and z], rather than treating u 
as variables, and the summation is reduced to k G <Z*[1] C 2k- Note that in general this is 
not true for arbitrary <p,ip G 7^^. 

Proof. One can check that for any qG Z(, the rational functions Res T -[ z ](?/>[u; z]f2fc[u; z]) and 
Res r +[ z _ u ](-?/'[u; z]fifc[u; z]) have no poles at the hyperplanes Ui — k, i — 1,2,3. Together 
with Lemma [31], this shows that the analytic continuation to u = 1 is well-defined. 

Since for q ^ 2*[1], the expression tp[u; z](r^"[z]) vanishes at u = 1, it follows that the 
summation in the residue formulas (|B.3|) reduces to q G 2k[l]. Similar conclusion holds for 
the redisue formula (|B.4|) . 

The statement now follows from the fact that for q G 2k[l] we have 

ReS r q -W^[ U; Z ] fifc t U 5 Z ])l u=1 = ReS rq z Pk[l] z]) , 

Res r+[z-u](^[u; z]Q k [u; z])| u=1 = Res r + [z _ l} z]Q k [l; z]) . 

□ 

Introduce a partial order < on Z k by saying that x < y if and only if x\ < y\ and x% > y%. 
Lemma 34. For any k, p, q G Z k we have 

w p [\, z](r k [z]) = 0, unless k<p, 

w'[l, z](r k [z]) = 0, unless k>q. 
Moreover, if z is generic, then w' [1, z](r~ [z]) 7^ 0. 

The proof is straightforward. 



Lemma 35. | TV4 | Let G Z>0 ; and Zet p, q G Then, we have 

(W p ,W )i )Z = d piq - -T- rr- ry . (B.7) 

Proof. By Lemma |34] the summation in the residue formula ( |B.6| ) reduces to k such that 
q < k < p, that is 

q<k<p 

It follows immediately that (w p ,w'^)i tZ = unless q < p. 
Similarly, one can check that 

w p (r k f [z — 1]) = 0, unless k > p , 
w'(t£[z — 1]) = 0, unless k<q, 
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Thus, it follows that 

K, <}i )Z = w p& z K r k [z " z](r k + [z - 1]) (Rea^^fifcll, z]) . 

P<k<q 

and therefore, (u> p ,u> q )i, z = unless p < q. 

Hence, (w p [l, z], u>q[l, z])i, z is equal to zero unless p = q. In the last case there is only one 
term in the residue summation formula, corresponding to k = p = q, and the statement 
follows from the direct computation of the only remaining residue at Tk[z]. □ 

Finally, we have all ingredients necessary to describe explicitly the map X[l] and to prove 
its properties. 

Proof of Proposition [7^|. Lemma implies that the dual weight functions {w^[l;z]} are 
linearly independent as elements of T~C k , which yields the injectivity of the map <p[l]. Using the 
explicit combinatorial formulas for tuj t [l;z], one can check that the admissibility conditions 
( p.2| ) are satisfied provided that k G Z k [l]. Hence, Im0[l] <8>c[z] C(z) C Ttk\\) ®c[z] C(z). To 
show that these spaces coincide, it is enough to check that for generic z one has dim7ifc[l; z] < 
dimlm#;z] = 

Consider the maps s p [z] : TC' k — > C, 

e p [z] : if) >-> ^0 P [ Z D • 

Lemma [34] implies that for generic z these maps are linearly independent. It is clear that 
for any if) G H[\; z], p G" -Z*[l] one has e p [z](^>) = 0, which gives dim H k [l; z] < #Z k [l], since 
timH' k = #Z k . 

Now, consider the map 

J[l; z] : 7i[l; z] -> V ai , 0) ® ^ 2i0) ® V {hfi) , 

J[l; % = J2 E < W P' ^i**® ^ ® *®lfa ® *®1<, • 
fcez> pez fe [l] 

Formulas flO]) and QB77D imply ( gg ). 
According to Lemma we have 

(^p,^)l )Z = ((^ p ,vOu,z) |u=l ((w p ,V5 + )u,z) |u=l, 

and Lemma ^ implies that (w p , ip)i >z may have poles only at the hyperplanes 
Zi — ui = Zj — r, 1 < i < j < 3, r = 0, 1, . . . , min(/j, Zj) — 1 . 



This proves the last part of Proposition 14. □ 



Appendix C. 

In this section we prove the existence of the distinguished polynomial basis {q[1]} of 
?4[l] sing , see Lemma |T|. 

Proof of Lemma The subspace 7ifc[l] sing consists of polynomials of degree at most 1 in 
each tj, and therefore any function q(ti, ...,£&) G 7"4[l] smg has the form 



s(ti, . . . ,t k ) = ^ X r (zi, z 2 ,z 3 ) cr r (ti, . . . , t k ) 



r=0 



32 K. STYRKAS, V. TARASOV, AND A. VARCHENKO 

where X , . . . X k are some coefficients from C[z], and 

oy(ti, . . . ,4) = ^2 t h ...t ir , r = 0,1,2,...; 

l<ii<—<i r <k 

in particular, a (ti, . . . , t k ) = 1, and cr r {ti, ■ ■ ■ ,t k ) = if r > k. 
Using the combinatorial identity 

r 

a r (z, ...,z — l, ti+2, ■ ■ ■ , t k ) = cr r ~s(z, ...,z — l)a s (ti +2 , ■ ■ ■ , t k ) , 

we see that admissibility conditions ( |6.2| ) for the function ^(4, ... ,t k ) are equivalent to the 
following system of equations for the coefficients X , . . . X k . 

k 

X r a r - s {zi, . . . , Zj - k) = 0, s = 0, . . . , k - k - 1, £ = 1,2,3. (C.l) 

Let d = dim (Vj^o) <S> V(/ 2) o) ® V(z 3i o)) Smg + ^2 + ^3 — k, k)]. We will show that system 
( |C.1|) determines Xo, . . . , Xfc_d as linear combinations of free variables Xfe-d+i, . . . , X k with 
coefficients, polynomial in zi, z 2 , z 3 . Then we construct q s [l], s = 1, . . . , d, by taking 

X fc _ s+ i = 1, X fc _ r+ i = for r^s, 1 < r < d , 

and computing Xo, . . . ,X k _d from equations (|C.1|) . The polynomials <j s [l] obeys invariance 
( [7.21) by construction. 

Consider the (A; — d + 1) x (/c + 1) matrix of system (|C.1|) . It suffices to prove that its 
(A; — d + 1) x (A; — d + 1) minor, corresponding to the variables X , . . . 1 X k _ ( i ) is nonzero, 
and divides all other {k — d + 1) x (A; — d + 1) minors. Before giving a general proof of this 
statement, we consider an example. 

Example: h = 1, l 2 = 2, k = 3, l 3 > 3. Then d = dim (V (1)0) ® V (2)0) ® V M )*** [(Z 3 , 3)] 
= 1, and the matrix of system of ( |C1| ) is equal to 

'1 z 1 + (z 1 -l) z 1 (z 1 -l) 

1 Zl + ( Zl -l) z x { Zl -l) 

1 z 2 + (z 2 -l) + (z 2 -2) z 2 (z 2 - 1) + z 2 (z 2 - 2) + (z 2 - l)(z 2 - 2) z 2 (z 2 - l)(z 2 - 2) y 

The 3x3 minors of this matrix are given by 

M i2 = 3(zi - z 2 )(zi - z 2 + 1) , 
M 13 = - z 2 )(z 1 -z 2 + 1)(2Z! + z 2 - 2) , 
M)23 = (#l - ^2) Ol - z 2 + l)(z\ + 22122 - 3zi - z 2 + 2) , 
M123 = (21 - z 2 ) (z\ - z 2 + l)(3£iZ 2 - 3^i - 32i2 2 + 5^1 + z 2 - 2) . 

The leftmost minor M i2 is nonzero and divides all other minors. The function s(ti,t 2 ,t 3 ) 
spanning the space H[(l, 2, l 3 ), (z u z 2 , 2 3 )] sing [(7 3 , 3)], is given by 

q{t u t 2 , t 3 ) = Ut 2 h ~ ~1T~F (M 0W (tit2 + t 2 t 3 + tits) - M 023 (ti + t 2 + t 3 ) + M 123 ) . 

JW012 
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We now return to the case of arbitrary 1. Without loss of generality, we may assume that 
h < h < ^3- To shorten notation, we denote 

crW = a r (zi,Zi - 1, . . .,Zi - k), r = 0,...,k, i = 1,2,3. 

Case 1: k < l\. Then, there are no admissibility conditions, d = k + 1, and all the 
variables X Q , . . . are free. 

Case 2: l\ < k < l 2 . Then d = l\ + 1, and the matrix of system ( |C.1| ) is equal to 

a? a? 
afi 

\ 

Note that some of the terms in the upper right corner can also vanish, because o" ; l± | 2 = 

... = ^> = o. 

Since = 1, the leftmost (k — d + 1) x (k — d + 1) minor is identically equal to 1. 
Therefore X^-d+i, ■ ■ ■ , X^ are free variables, and X , . . . , X^^ are their linear combinations 
with coefficients, polynomial in z±, z 2 ,Za. 

Case 3: l 2 < k < Z3. If k > Zi + Z2, then d = 0, and there is nothing to check. Assume 
that k < h + l 2 , which gives d = h + 1% — k. The matrix of system ( |C.1| ) is equal to 






a? . 




u k-h-l 
a k-h-2 


• 4" \ 




°o 





(2) 

a m 
a 


a (2) ' ' 

°k-l 2 -l 
u k-h-2 




(2) 
°fc-l 


V 









a (2) ' > 



(C2) 



We make two claims now. First, every (k — d+1) x (/c — d + 1) minor of this matrix is a 
polynomial in Zi, z 2 , divisible by 

k—li k—l2 

d(zi, z 2 ) = yi n (21 - ^ + ji - J2) . 

ii=l ja=l 

Second, the leftmost (k — d + x (k — d+1) minor of matrix ( |C.2j ) is a nonzero polynomial 
in zi, z 2 of homogeneous degree (k — h)(k — l 2 ). 

These two claims together imply the desired statement. Indeed, since the homogeneous 
degree of the polynomial D(zi, z 2 ) is equal to (k— h)(k— l 2 ), the leftmost minor is proportional 
to D(zi, z 2 ) with a nonzero coefficient. Therefore, every (k — d+1) x (k — d+1) minor is 
divisible by the leftmost (k — d+1) x (k — d + 1) minor, which means that Xq : ■ • • , Xk_d can 
be expressed as linear combinations of the free variables Xk-d+i, ■ ■ ■ , X^ with coefficients, 
polynomially depending on zi,z 2 ,z 3 . 



a 



a 



a 



(i) 

k-h-l 
(1) 

k-h-2 
(1) 

k-h-3 



41 h 
u k-h-l 
a k-h-2 



a {1) 

°k-h+l 

a k-h 
(i) 



a 



k-h-l 



cr, 



(i) 



(1) 



a. 



(i) 



a 



(i) 

L + l/ 
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We first prove the second claim. Note that af 1 is a polynomial of Z{ with the highest degree 
term ( l ^ 1 )z r i . Therefore, the homogeneous degree of the leftmost (k — d + 1) x (k — d + 1) 
minor does not exceed {k — l\){k — l 2 ), while the sum of terms of degree {k — h)(k — l 2 ) is 
given by the determinant 



(I C- 1 ) 



det 



( h+l \ y k-h-2 
\k-h-2) Z l 



\k-d-2) Z l 



k-d-2 




1 


Vo 





1 



\k-l 2 ) Z l 



k-h-l 



( h+1 ) 
\k-h-l) 

( h+l \«k-l 2 -2 
\k~h-2) Z 2 



( h+1 ) 
\k-d-lj' 

( h+l \k-d- l 
\k-d-2) Z 2 



\k-h) Z 2 / 



The monomial z[ k ll " k ^ enters this determinant with a nonzero coefficient 



/ (h+l\ ( h+1 \ 
\k-l 2 J \k-h+l) 



det 



s— h 

( h+l \ ( l i+l\ 
\k-h-l) \k-l 2 ) 



-h+D 
h) 



( h+1 )\ 

\2k-h-h-l> 

(CD 



k-li k-h h+h-k+1 

nn n 

i=l j = l s=l 



i + j + s — 1 
i+j+s-2 



\ ( h+l \ ( h+l \ I 

\\h-h+l' \h-h+2/ ••" \k-h) ' 

The last equality follows from the general formula, established in 

/ ia+b\ (a+b\ (a+b\ \ 

V a ) \a+l) ' ' ' \a+c) 

/a+b\ (a+b\ ( a+b \ 

\a-l) \ a ) ' ' ' \a+c—l) 



det 



c+1 a 

nnn 

i=l j=l s- 



% + j + S - 1 



8-2 ' 



VCc) L-tU) ••• (a) / 



by taking a = k — l 2 , b = l\ + l 2 — k + 1, c = k — li — 1. 

Finally, we prove the first claim. Recall that we assume l\ < l 2 < k < li + 1 2 . 

Take an integer j such that —l 2 < j < h and let z\ — z 2 — j = 0. Then the sets {z±, Z\ — 
1, . . . ,z\ — h} and {z 2 , z 2 — l, z 2 — l 2 } have p(j) + l common points {C, C - 1> • • • > (-p(j)}, 
where C = z i f° r j < 0, C = z 2 for j > 0, and 



P(j) 




-k <j<h~h, 
k _ i 2 < j < o , 

< j < h , 



Consider the system of linear equations on variables Xq 
condition 



,Xfc, corresponding to the 

?(C, C - 1, • • • , C - p0'), *ptf)+2, ...,**) = o . (C.3) 
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Let L C C k denote the linear span of the rows of the corresponding matrix. Since the rows 
are linearly independent, we have dimL = k — p(j). 

Obviously, if the function q(ti, . . . , tk) obeys condition (|C.3|) , then 

H^l) Z \ ~ 1) • • • ? Z \ ~ hyt^ + l, . . . ,tk) = , 

?(^2, Z2 — 1, • • • , Z2 — h, ti 2 +i ) • • • > tk) = . 

This means that the linear span of the rows of matrix ( |(J.2| ) is contained in L. In particular, 
the rank of matrix ( |C.2| ) does not exceed dimL. Therefore, if l\ — k < j < k — I2, then the 
rank of matrix ( |C.2| ) is less than its number of rows 2k — l\ — I2 by at least k + p(j) — h — h, 
which is positive. 

The above consideration shows that every (& — d+ 1) x (k — d + 1) minor of matrix (|C.2| ) 
is divisible by the product 

k-h-l 

n & - - j) k+p{j) ~ h ~ h . 
j=h~k+i 

It is easy to show that this product coincides with D(zi,z 2 ). 

Case 4: l\ + I2 < k < I3. In this case dim 7-^(1; z) sing = 0, and there is nothing to check. 

Case 5: k > 1%. There are three types of admissibility conditions in this case, related 
to (zi,li), (z2,h) an d (2:3,^3). The consideration, similar to Case 3, shows that the leftmost 
[k — d + 1) x {k — d + 1) minor of the corresponding matrix is nonzero and divides every 
{k — d + 1) x {k — d + 1) minor. This implies the required statement. □ 
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